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Tracking Function Approach to Practical 

Stability and Ultimate Boundedness 
W. 0. PARADIS 

University of Illinois, Urbana, Illinois 

D. D. PERLMUTTER 
University of Pennsylvania, Philadelphia, Pennsylvania 

A graphical method of analysis is presented for studying the practical stability and ultimate 
boundedness of autonomous second-order systems. It is argued that these measures of stability 
are in many cases more germane to design than Liapunov stability. The method incorporates 
much of the geometric character of a Liapunov analysis, but it is shown that a Liapunov function, 
relatively difficult to obtain, can be replaced by a set of easily postulated scalar functions which 
collectively yield the required stability information. Examples are given which demonstrate 
the use and effectiveness of the method. 

LsSalle and Lefschetz (7) have made a distinction be- 
tween two kinds of stability that has important implica- 
tions for engineering analysis. They consider practical 
stability as distinct from stability according to the d e h i -  
tion of Liapunov. The distinction can be put in terms of 
mathematical 6, E statements. For autonomous systems, 
Liapunov stability requires that there be a S(  E )  for arbi- 
trary c > 0, such that a trajectory starting in 1 1 ~ 1 1  < 6 
always be confined within 1 1 @ 1 1  < E .  In contradistinction 
practical stability requires only that some S, E combina- 
tion exist of practical size; the quantities S and E corre- 

spond to regions in x space which art: chosen a priori as 
the ranges of expected disturbances and allowable devia- 
tions, respectively. A necessary consequence of the defini- 
tion is that the 6 region be a subject of the E region. 

It is true that in many cases a system can be stable in 
both senses. On the other hand, one does not imply the 
other as can be seen from some simple counterexamples. 
Consider, for example, a phase-plane portrait such as Fig- 
ure 1, which might represent the behavior of a stirred 
reactor similar perhaps to those studied by Aris and 
Amundson (1). A trajectory starting at  A will move to 
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the (Liapunov) stable steady state B, but the system is 
not pructacully stable if the transient temperatures exceed 
the maximum allowable. 

To show the opposite conclusion, consider (Figure 2 )  
a system with h u t  cycle behavior like that in the study 
cited above or in the work of Gurel and Lapidus ( 4 ) .  
The steady state here is unstable in the Liapunov sense, 
for there is no S that satisfies the definition for an arbitrary 
choice of 6 within the limit cycle. The system is, never- 
theless, practically stable if the amplitudes of the limit 
cycle oscillations are within acceptable bounds. With the 
limit cycles shown in Figure 2, the system with first-order 
kinetics is practically stable, but the system with second- 
order kinetics is not if the E region is identified with the 
limit cycle. 

For engineering design, it is practical stability that is 
needed. It should be noted, however, that the design giv- 
ing the largest region of proven stability is not necessarily 
the best, for it is performance quality that is important 
once stability has been assured. With regard to stability 
considerations, the roblem is more properly one of estab- 

ing to insure stability under the widest possible range of 
conditions. 

A system which is practically stable is, by definition, 
one in which the excursions of all state variables are con- 
fined to a fixed and acceptable range, the c region. In 
certain cases, it may be possible to establish a region 
which, while bounding the transients, does not satisfy the 
size limitations of the prechosen E region. In such a situa- 
tion the notion of ultimate boundedness becomes useful 
(5 ,  7). A system is said to be ultimately bounded if there 

in I ] G ] /  < 6 such that fi@l/ < A for all t > T. I 7 practical starting 
is a time T > 0 corres onding to each trajecto 

stability cannot be assured it may suffice to bound the 
system behavior at sufficiently large times, that is, to de- 
termine a A region such that A is contained in E. 

In the discussion which follows, a method is presented 
for testing a class of systems for practical stability as well 
as ultimate boundedness. For clan in presentation, the 

practical size and accordingly labeled as 6, E ,  and A. In 
practice, however, it would remain the task of the de- 
signer to check such regions against prechosen 6, E ,  and 
regions as insurance that the results are indeed satisfac- 
tory. 

lishing an acceptab B e 6, E pair rather than one of attempt- 

regions which result will be tacit *i’ y assumed to be of 

TRACKING FUNCTIONS 

One way to establish a region of asymptotic Liapunov 
stability which may also be a region of practical stability 

2 
9 
t 
E 
I- z 
w 
U z 
0 
0 

1 
A 

I MAXIMUM 
ALLOWABLE 
TEMPERATURE 

TEMPERATURE 

Fig. 1 .  Hypothetical system which is Liapunov 
stable but not practically stable. 

FIRST ORDER I I 

KINETICS I 
I 
I 

MAXIMUM I 
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TEMPERATURE I 

I I 

TEMPERATURE 

Fig. 2. System which is not Liapunov stable but 
may be practically stable. 

is to find a Liapunov function V(x) valid in a compact 
domain defined by V(x )  6 K ;  that is 

V(x)  = 0; x = 0 

V(x)  >o;  x f O  (1) 

+(X) ‘ 0 ;  x # O  

However, in view of the foregoing considerations one 
might ask whether for autonomous systems practical sta- 
bility could not be established by functions easier to find 
and to work with than those that meet the relatively 
stringent requirements of Equation (1). It will be shown 
in the following that such a region can be found for non- 
linear systems of the form 

by choosing sets of simple tracking functions E ‘ ( x )  such 
that a closed broken curve is formed by a succession of 
contours Et(x)  = Kt. This procedure has some similarity 
to the AERP (alternate extreme radius path) approach of 
Leathrum, Johnson, and Lapidus (8) but, as will be 
shown, the detailed arguments are essentially different. 

Consider a phase plane as in Figure 3 to be divided into 
n regions by a series of lines along which = 0. Ac- 
cordingly, E ,  is of fixed sign in the ifh region adjacent to 
the line, and the path of any trajectory in the ith region 
can be restricted as to whether it crosses E ,  = K c  con- 
tours in the direction of increasing or decreasing &. Sup- 
pose for definiteness that each 8, < 0 and that each a<, > 
m2 > ats. Further assume that a trajectory starting from 
a point on HA must move to the right. The broken line 
ABCDFGHA serves as a boundary on both the 6 and E 

regions. The enclosed area is a region of practical stability, 
since any trajectory within this boundary is for all time 
confined within it (the corresponding E must decrease 
along the trajectory). The argument remains essentially 
unchanged if the inequality directions are reversed on any 
E L  and ui set. Although it is not required for the argu- 
ment, it is convenient to choose the E , ( x )  functions so 
that 

E ,=O;  x = O  (3) 

and to avoid an E ( x )  that gives 
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XI 

Fig. 3. Tracking function analysis in the phase 
plane. 

I 1 
Fig. 4. Graphical representation of €= -mXi 
+ X2 for a particular choice of the con- 

stant m. 

I 

Fig. 5. Use of isoclines to fix a region of 
stability. 

E' = E, = 0 (4) 
at more than a finite number of isolated points. 

Obviously, a wide class of functions satisfies these con- 
ditions. Very satisfactory results can usually be obtained, 
however, from the simplest choices, straight lines and cir- 
cles : 

E = - m x l + x a  (5) 
( 6 )  E = ( ~ 1 - c t 1 ) ~  + ( ~ Z - - c t a 2 ) *  

To see that this is the case, consider Equation (5). By 
differentiation 

E = - m  x l + x 2  ( 7 )  

For a particular choice of m, the contours of constant E 
and the locus of s = 0 might be represented as in Figure 
4 .  Within the confines of the plot, a solution path through 
point A cannot pass above the line aa ( E  must decrease 
with time), while one through B cannot pass below the 
line bb ( E  must decrease with time). The E = 0 locus 
is, of course, merely a selected isocline in this case. Such 
isoclines are customarily used to provide a rough estimate 
of the solution behavior. They also divide the plane into 
regions for which definite bounds on the trajectory path 
may be associated. 

In Figure 5 two isoclines divide the plane into four re- 
gions. Within each region trajectories are restricted to a 
motion within the respective E contour, as indicated by 
the k! symbol in that region. The direction of motion 
is easily obtained by evaluating I t ,  ( =  dx,/dt) or X, at 
any point in the plane other than the origin. For example, 
a trajectory passing through point A must eventually cross 
the M M  line along the segment BC. From the segment 
BC, the trajectory must successively cross the isoclines 
along the segments DP, EP, FP, and SO on to JP.  Al- 
though the exact path of the trajectory is unknown, it is 
confined within ACDEFA. 

It is evident that from any initial conditions within the 
region ACDEFA, the trajectory must converge at least to 
the region GHIJG. The possibility of a limit cycle within 
GHZJG cannot be excluded, but continuing the graphical 
construction further reduces the size of the possible limit 
cycle so long as convergence of the limiting path is ob- 
tained. As constructed, the region ACDEFA would cor- 
respond to both a 6 region and an E region, and thus de- 
fine a region of practical stability. Moreover, GHZJG 
serves as a h region into which the trajectory must pass 
and remain at sufficiently large time. 

The potential usefulness of isoclines in a stability anal- 
ysis is thus apparent, but since the method can be ap- 
plied to E ( x )  functions other than Equation ( 5 ) ,  it is not 
limited to a study of isoclines. The = 0 locus for the 
circular E(x) of Equation (6) is, for example, not an iso- 
cline; still it can be used as described above to limit pos- 
sible trajectories. Furthermore, in some cases regions can 
be established from within which trajectories must ulti- 
mately emerge. By using this argument, it is possible for 
us to prove that limit cycles exist in some systems. 

In effect, a single Liapunov function with very power- 
ful properties is discarded in favor of several functions, 
each less powerful than the original, which yield collec- 
tively the desired stability information. The salient feature 
of the approach is that the required functions may be 
easily postulated and used. Moreover, although the results 
will always be conservative (sufficient but not necessary), 
a means of obtaining less conservative results is availa- 
ble. Thus the method serves to utilize the geometrical 
arguments of a Liapunov analysis in a way which can 
readily be applied in practice. 

In the last analysis, the usefulness of the method de- 
pends upon being able to 6x regions of practical stability 
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with a reasonably small set of E functions. With this in 
mind, three well-known systems are analyzed below. 
Where possible, he results are compared with those ob- 
tained by other means. 

VAN DER POL EQUATION 

The equation of Van der Pol may be written as 

where e and a represent constants here taken as 0.1 and 
1.0 respectively. Letting x1 = y and x, = dy/dt, we can 
express Equation (8) in the form of Equation (2) : 

dxJdt = M 

d d d t  = 0.1 (1 - x:) ~2 - x1 (9) 

with a singular point at the origin. 

tions E ,  = 0, i = l, 2, 3, 4, 5, where 
The loci plotted in Figure 6 satisfy the algebraic equa- 

El = xl 
E, = X, 

E,  = + X, (10) 
E ,  = X, - X= 
E,  = x," 4- X? 

Each of the first four of these loci is an isocline which, 
in effect, bounds the solution path to a known 45 deg. 
angle in the x,, x, plane. The E ,  = 0 loci provide addi- 
tional information. Within the strip xz = * 1, it is easily 
shown that 2, > 0. From any point within this strip, the 
solution path must therefore encounter circles (about the 
origin) of increasing radius for as long as the motion re- 
mains within the strip. Outside the strip E6 < 0, and the 
motion must tend toward the origin passing through cir- 
cles of smaller radius. 

For clarity, the loci are reconstructed as dotted lines in 
Figure 7. A point on the plane is selected and the most 
divergent path consistent with known information is pur- 
sued. As regards Figure 7, the trajectory begins at the 
arbitrarily selected point labeled A. At point A it is known 
that: the angle of departure 0 must be such that 0 4 
0 4 45 deg., and the limiting ath must be moving away 

sects the k2 = 0 locus along a 45 deg. line from A. This 
from the origin. Accordingly, t E e path is that which inter- 

Xl 

Fig. 6. Loci for €i = 0, i = 1,2,3,4,5 for the 
Van der Pol equation. 
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establishes point B .  From point B, the most divergent path 
is a horizontal line to point C. Similarly, the entire limit- 
ing path is easily plotted step-by-step, that is 

From To Limiting path is: Described by: 
C D arc of circle about origin E ,  = constant 
D E -45 deg. line E ,  = constant 
E F arc of circle about origin E, = constant 

. . . . . . _ . . . . . . . . . . . . . . . . .  . . . . . . . . . . . .  

V W -135 deg. line E, = constant 

In this manner the closed curve W H I . .  . UVW is 
finally obtained. The curve acts to bound both the 8 
region and the E region required for practical stability. 
Any trajectory originating within this closed curve must 
remain within its confines for all time. It can be further 
shown that trajectories originating outside the curve must 
eventually cross into the closed region remaining there 
everafter. Thus in terms of uItimate boundedness the en- 
tire phase plane becomes the 6 region, the curve 
W H I  . . . UVW then corresponding to the A region. It was 
noted above that from any point within a circle of unit 
radius, trajectories must diverge at least to the unit circle. 
Then since no other critical points exist besides the origin, 
a limit cycle must exist as a closed curve about the origin 
within the annular area. As will be demonstrated in the 
next example, the size of the area of uncertainty, in this 
case the annular area, may be reduced by the use of new 
information gained by considering additional tracking 
functions. 

For comparison, other treatments of this problem in- 
clude a study of the linearized equations, application of 
Liapunov's direct method, and numerical solutions for 
selected initial conditions. Taking these in order, we see 
that the characteristic roots of the linearized equations 
indicate a single unstable critical point at the origin. (the 
origin is either an unstable node or an unstable focus ac- 
cording to the value of e ) .  No hint as to the existence of 
a Iimit cycle can be obtained by this approach and the 
technique is totally unable to locate regions of stability. 

Liapunov's direct method has been applied to this par- 
ticular problem with considerable success (7). From 
Equation ( S ) ,  the analysis makes use of the transfoma- 
tion z1 = y, Z, = - y to obtain the set of equivalent 
equations 

Xl 

Fig. 7. Stability analysis of the Van der Pol 
equotion. 

Journal Paae 133 



A Liapunov function is taken as 

from which it can be shown that if a limit cycle exists, it 
must be exterior to a circle of radius d g  in the zx, za 
plane. By transforming coordinates, we see that the circle 
is given by the locus of all points satisfying the equation 

(13) 
e 

x*=-x1 (3-x:) f (3--Xx,”)”” 
3 

in the xl, % plane. This curve is shown in Figure 7 for 
comparison with those obtained by the E function tech- 
nique. 

The Liapunov contour and the unit circle of the E 
function method correspond in that they each enclose a 
region of instability, that is, from within, all solution 
paths must leave either region as t + co. On this point, the 
Liapunov approach is superior, since a larger region of 
instability is demonstrated; however, the remaining con- 
clusions drawn from the E function analysis are unat- 
tainable by the Liapunov analysis. It may be noted that 
the Liapunov function of Equation (12) satisfies com- 
pletely the requirements of an E function, as do, in fact, 
all acceptable Liapunov functions [Equation ( 1) I. Con- 
sequently, all information gained by the Liapunov analy- 
sis could, in principal, be obtained by the E function ap- 
proach. 

The most complete description of the system is obtained 
by numerically solving the Van der Pol equation re- 
peatedly for various initial conditions. In this manner the 
transient performance, as well as the stability of the sys- 
tem, may be characterized. Solutions for the parameter 
values considered here are given in the literature (3) .  
The results indicate that all trajectories converge in a 
clockwise fashion onto a limit cycle nearly circular of 
radius two. It should be noted that solution of the differ- 
ential equations normally yields more complete results at 
the cost of increased computation time. 

MULTIPLE SINGULAR POINTS 

Because of the importance of multiple steady states in 
chemical reactor systems (I ,  6), it is interesting to test 
the tracking function approach on an example with two 
singular points, suggested by LaSalle and Lefschetz (7). 
Consider a dynamic system represented by the equation 

(14) 6 + Zy + 6y + 31$= 0 

x, = x2 

3;, == - 6x1- 2%- 3x12 

where xl = y, M = tj. Singular points of Equation (15) 
are at the origin ( 0 , O )  and at (-2,O). 

or its equivalent 

(15) 

The following initial set of E functions is chosen: 

El = x1 
E2 = X, 
E, = xi + % 
E ,  XI- XZ (16) 
E ,  = x,” + G* 
E = (xl + 2)’+ x,” 

As in the first example, a plot of the E l  = 0 loci serves 
as a basis for the stability analysis. The results are shown 
in Figure 8. Curve A encloses a 6, 6 region of practical 
Stability in that all trajectories originating within A must 
remain within A for d l  time. The curve itself is a piece- 
wise connected series of constant El  loci, each function 
being a member of Equation (16). In a manner similar 
to that used in obtaining the h region of Figure 5, it can 

5 
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2 
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-2 

-3 

-4 

-5  
-3 -2 -1 0 1 2 3 

Fig. 8. Results of stability analysis for system 
with two singular points. 

be shown that all trajectories originating in the 6 region, 
that is, within A, will be ultimately bounded by a A region 
interior to the closed curve B.  

If it is desired to either increase the size of the 6, E 

region or decrease that of the A region, further tracking 
functions are required. Suppose two additional functions 
are chosen as 

E,  = X, + 0.25 X, 

E,  = X,  - 0.25 X, 

With little extra effort, the analysis now leads to im- 
proved results. Bounded by curve C, the 8, B region has 
been enlarged somewhat and, perhaps more important, 
the h region has become so small that, to the limits of 
graphical accuracy, it contains only the singular point 
(0 ,  0). Thus, from anywhere within C, solutions are for- 
ever confined to that region and must eventually approach 
and remain within a tiny A region about the singular 
point at the origin. For design purposes, the 6 region de- 
fines a region of asymptotic stability as well as practical 
stability. 

A Liapunov analysis of Equation (15) (7) indicates a 
region of asymptotic stability for the closed region 
bounded by the locus of points satisfying the equation 

G2/2 + 3x12 4- x,” = 4 ( 18) 
This region is plotted for comparison. 

In the first two examples, the 6 re ion of expected dis- 

tions were, in fact, one and the same region. As will be 
shown below the two regions often coincide by choice, 
not by necessity. 

turbances and the B region of allowab 7 e or resulting devia- 

ANALYSIS OF A CHEMICAL PROCESS 

Turning to a somewhat more practical example, con- 
sider a well stirred reactor which can be described by an 
energy balance and a material balance: 

dT 
dt 

pVC, - = AHVT - UA, (2’ - T,) - pqC, (T - To) 
(19) 

dc 
dt 

v-=z-vr-q ( G - G )  
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Fig. 9. Liapunov analysis of a stirred tank 
reactor. 

Using the notation of reference 2, also defined in the 
notation, we reduce Equation (19) to 

A 
d t  r b~ 

A A  
with the steady state solution at the origin, q = y = 0. A 
stability analysis ( 2 )  using Liapunov's direct method 
established a region of asymptotic stability (RAS) shown 
in Figure 9 for a first-order reaction rate of the form 
r = cA exp ( -Q/T)  and the selected parameter values: 

A = 10'hr." 

U = 5 B.t.u./(hr.) (sq. ft.) ( O F . )  

A, = 100 sq. ft. 
v = 100 cu. ft. 
co = 0.270 1b.-mole/cu. ft. 

C ,  = 1.0 B.t.u./(lb.) (OF.) 
p = 50 lb./cu. ft. 
T ,  = T,  = 530"R. 
AH = lo4 B.t.u./lb.-mole 
q = 200 cu. ft./hr. 

For comparisons a simple set of E functions may be 
chosen as 

Q = 1 0 4  OR. 

A 

A 

A h  

A A  
E , = ~ - Y  

Ex = 9 

E, = y 
E a = T + y  (21) 

The corresponding time derivatives are given by the equa- 
tions 

A 

E,  = --- r b~ 
c, a 

. - r  I A  
Y 

9 

A 

E ---_ 2 -  
Ca 7 
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- b ~  I A  
y E* = - 71 - 

a 

A 
2r b~ 1~ 

?I+--y E, --- 
c. a 

For the given parameter values, the loci satisfying 
.&+ = 0, i = 1, 2, 3, 4 are plotted in Figure 10. Point A 
is arbitrarily selected as a starting point, and the limiting 
path is pursued. As shown, convergence is obtained to as 
close to the origin as graphical accuracy permits. By 
selecting another point, say point B, we reach the same 
conclusion. Two regions of practical stability are immedi- 
ately obtained by connecting the ends of the limiting 
paths with straight lines OA and OB. 

Other regions of practical stability are also readily 
available. Suppose, for example, the S region of expected 
disturbances is taken as the circular area enclosed by the 

curve 9 + (4y)" = 0.16. The corresponding c region is 
found by following the circular path and leaving that 
path to pursue a more divergent path whenever possible. 
'The dotted line in Figure 10 represents the resulting 
curve which encloses the E region. The two regions do not, 
however, coincide. The 6 region of initial disturbances 
need not be restricted to a particular size or shape; it 
should correspond to the closed region about the steady 
state within which the initial conditions, or equivalent im- 
pulse perturbations, are expected to lie. 

A second facet of the analysis, quite distinct from prac- 
tical stability, concerns finding the largest possible region 
for which asymptotic stability can be assured. Again re- 
ferring to Figure 10, it is evident that solutions from any 
point to the left of the broken line DEF must converge 
to the origin. This clearly encompasses a much larger 
region than that obtained by the Liapunov analysis (see 
Figure 9) .  The size of the tracking function RAS is limited 
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Fig. 10. Tracking function analysis of a stirred tank reactor. 
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in this example oiily by the 71 scaling on the graph itself. 
With the given set of tracking functions, it is, in fact, 
possible to demonstrate asymptotic stability for a region 
of arbitrary size. 

DISCUSSION 

By using a set of tracking functions, the analyst may 
extract from the system equations enough information to 
outline regions of practical stability and ultimate bounded- 
ness. In many cases, however, the design specifications 
may not allow a definite preconceived notion as to the 
desired 6, c, and h regions. The problem may be to dis- 
cover the control mode or variable parameter settings 
which provide the largest 6 region for a given E region, or 
the smallest E region for a iven 6 region. Or, it may be 
desired to ultimately bounf trajectories from a given 6 
region by the smallest possible h region, or find the largest 
6 region for a given h region. In any case the problem is, 
from an engineering standpoint, something more than 
simply being able to demonstrate the largest possible 
RAS. It is in this light that the use of tracking functions 
provides an especially effective approach to the problem. 

This techni ue may be compared to the available al- 

analysis: the conclusions are valid for regions rather than 
points on the phase plane. The results are always con- 
servative (sufficient, not necessary), but in contrast to the 
direct method, the tracking function analysis lends itself 
well to successive approximations. New information from 
additional E functions may always be superimposed on 
earlier results to enlarge or reduce regions of interest. The 
method is simple, the greatest share of the work being 
spent on determining the fi = 0 loci. In  the examples 
considered, the computations were less involved than those 
of the corresponding Liapunov analyses. In comparison to 
a numerical integration of the phase plane equation, there 
are two immediate advantages in solving for the E = 0 
loci. Far fewer solution points are normally required 
since the calculations need not be repeated for various 
initial conditions. Moreover, the equations are algebraic 
rather than differential. Consequently, there is no chance 
for cumulative error, and the computation intervals may 
be greatly enlarged. 

On the other hand, there is no guarantee that a given 
set of E functions wiIl yieId the necessary stability infor- 
mation. In certain cases so many functions might be 
needed as to make the method impractical. For the ex- 
amples considered, this number was seen to be reasonably 
small. Similarly, a Liapunov analysis ceases to be practical 
when a suitable Liapunov function is unavailable. 

As noted above, another stability criterion applicable to 
systems taking the form of Equation ( 2 )  recently has 
been developed b Leathrum, Johnson, and Lapidus. In 

approach: an alternating extreme radius path (AERP) is 
defined which, when graphically constructed, either con- 
verges, closes upon itself, or diverges with respect to an 
equilibrium point of the system equations. Examples are 
given ( 8 )  which demonstrate that the stability of the 
AERP is related to the stability of the actual system, al- 
though no general proof of such a relationship presently 
exists. 
The distinction between the AERP method and that of 

E functions is a basic one. The AERP is in a sense an 
estimate of the solution path, while E functions are used 
to obtain a bound on the solution path. It is impossible 
to obtain an AERP from the concept of limiting paths 
and, in fact, the two are essentially independent. While 
an AERP analysis determines the behavior of the system 
as t + 00, it does not attempt to bound the behavior of 

ternatives. It 91 as the important advantage of Liapunov 

certain respects t K eir method resembles the E function 

the system during the transient period. On the other hand, 
the tracking function approach inherently provides limits 
on the phase plane solution path throughout the transient 
period. For this reason the important question of practical 
stability (which depends on the transient behavior) seems 
more suitably attacked by an E function type of approach. 
With regard to the behavior of the system at t + 03, the 
two methods yield similar results by different means. 
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NOTATION 

A =  
A, = 
a =  
b =  
c, = 

E =  
AH = 

Q =  
4 =  
r =  
T =  
t =  
u =  
v =  v =  
Y =  
6 =  

c =  

x =  

€ =  

frequency factor 
reactor area 
PVC, 
UAr + pqcp 
specific heat 
concentration 
scalar tracking function 
heat of reaction 
activation energy divided by the gas constant 
volumetric flow rate 
rate of reaction per unit volume = Ace-*’’ 
temperature 
time 
overall heat transfer coefficient 
reactor volume 
Liapunov function 
general state vector 
normalized concentration = c /c ,  
region of initial conditions 
region of allowable deviations 

Greek Letters 

7) 
A = region of ultimate boundedness 

p = density 
r = time constant = V/q 
6 = angle 

Subscripts and Superscripts 
A = deviation from steady state 
* = total time derivative 
I f  11 = norm of a vector 
o = input and initial condition 
a = ambient 

= normalized temperature = p ~ p T / ~ H ~ ,  

= a solution of Equation ( 2 )  
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